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Sonar  Tracking of Multiple  Targets  Using  Joint 
Probabilistic  Data  Association 

(Invited  Paper) 

Abstract-The problem of associating data with targets in a clut- 
tered multi-target environment is discussed and applied to passive 
sonar tracking. The probabilistic data association (PDA) method, 
which is based on computing the posterior probability of each candi- 
date measurement found in a validation gate, assumes that only one 
real  target is present and all other measurements are Poisson-dis- 
tributed  clutter. In this  paper, a new theoretical result is presented: 
the  joint probabilistic data association (JPDA) algorithm, in which 
joint posterior association probabilities are computed for multiple 
targets (or multiple discrete interfering sources) in Poisson clutter. 
The algorithm is applied to a passive sonar tracking problem  with 
multiple sensors and  targets, in which a target is not fully observable 
from a single  sensor.  Targets are modeled with four geographic states, 
tw‘o or more acoustic states, and realistic (Le., low) probabilities of 
detection  at each sample time. A simulation result is presented for two 
heavily interfering targets illustrating the dramatic tracking improve- 
ments  obtained by estimating the targets’ states using joint association 
probabilities. 

T 
I. INTRODUCTION 

HE problems  and issues involved in multi-target  ocean 
tracking using a  heterogeneous set of passive acoustic meas- 

urements were outlined in [ 1 ] ; chief among these  are  data  as- 
sociation and maneuver detection. An approach to solving these 
problems was also described. T h e  resulting experimental algo- 
rithm involves an extended Kalman-Bucy fi ter (EKF) with 
both geographic and  acoustic states,  and handles  measurement 
vectors  such as bearing/frequency and delay/Doppler  differ- 
ence.  Fundamental  to  the tracking  algorithm is a probabilistic 
data  association (PDA) scheme based on [ 2 ] ,  in which poste- 
rior association  probabilities are computed for all current 
candidate measurements in a validation  gate and used to  form 
a weighted sum of innovations for  updating  the target’s state 
in a suitably  modified version of  the EKF. A  correction  term 
in the  Ricatti  equation  accounts  for  the  uncertainty in meas- 
urement origin and  the resulting state estimate is the  condi- 
tional  expectation, subject to  the assumption that  the  state 
estimate is Gaussian prior to each update. This  assumption 
is questionable, but it leads to  quite acceptable  results in 
practice. 

In addition  to  the basic PDA scheme, a multihypothesis 
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structure is used for  other decision making: including maneu- 
ver detection/correction,  track  initiation,  and particularly dif- 
ficult data association  decisions; the  entire tracking  system has 
been  run successfully in  real-time experiments. However, only 
the PDA mechanism will be  considered here. 

The basic PDA algorithm assumes that each target is iso- 
lated  from all other targets: false measurements in a valida- 
tion gate are modeled as independent  clutter  points drawn 
from a Poisson distribution  with spatial  density C, and  detec- 
tion  of  a target is an  independent event at each sample time 
with  probability Po. 

In the  ocean,  the false measurements often originate from 
other targets and  cannot  truly be modeled as independent 
Poisson clutter points. Moreover, with passive measurements, 
interference is probable at relatively low target  densities; for 
example, geographically distant targets  can lie at  the same azi- 
muth and be nearly  indistinguishable from  a single sensor. 
Nevertheless, our experience with real data  indicates that 
many  of  these  detections are so spurious  that  the interfering 
targets  are effectively untrackable  and, in  practice, the Poisson 
clutter  assumption  often provides acceptable performance. 

The Poisson assumption breaks down  and performance de- 
grades significantly in the presence of discrete interfering 
sources, i.e., when interfering  targets  are detected consistently 
by  one or more sensors. In this case, the interfering  sources 
are usually trackable and  the PDA algorithm  can  be extended 
to correct for them by computing  the  posterior probabilities 
jointly across clusters of targets; only  the  clutter is then 
modeled as Poisson. In an initial  derivation [ 3 ] ,  some  inap- 
propriate assumptions led to  erroneous prior  probabilities 
and  the  combinatorics  of maintaining  separate  validation 
gates for  each  target  made it very difficult to  implement. 
The main result of  this paper is a new joint probabilistic data 
association (JPDA) algorithm for multiple  targets in Poisson 
clutter. 

This is a target-oriented approach, in the sense that  a set of 
established targets is used to form gates in the measurement 
space and to compute posterior  probabilities, in contrast to 
the measurement-oriented algorithms of Reid [4] and  others, 
where  each  measurement is considered  in turn and hypothesized 
to have come  from some established track,  a new target, or 
clutter. Although  these two  points  of view can be  shown  (with 
appropriate assumptions) to yield equivalent  expressions for 
the  posterior probabilities, the difference  between them is 
more  than  just philosophical.  Neither  position nor velocity is 
fully observable from  a single passive measurement and  clutter 
densities in the ocean  environment  are  typically quite high; 
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these two characteristics make  it essentially intractable to  hy- 
pothesize  a new track  for each individual measurement. In- 
deed, in our  approach, targets are initiated  by a  separate op- 
erator-interactive process using composite groups  of measure- 
ments. 

This is also a nonbackscan (or  zero-scan) approach, meaning 
that all hypotheses are combined after  computation  of  the 
probabilities, for each  target at each time step. While it can be 
extended  to retain n scans as in [5],  this would  lead in the pas- 
sive sonar  environment to  enormous  memory  requirements  be- 
cause of the relatively high clutter densities (0.2-2.0 false de- 
tections per gate) and  the large number  of separately  measured 
variables (2-12  validation gates per target)  that are typically 
encountered. Moreover, because of the spurious nature of 
many  of  the false detections, we believe that  the  JPDA is more 
cost-effective than a brute-force n-scan algorithm in this en- 
vironment. Retaining  multiple  scans would also cause enormous 
complications  for  the maneuver-detection  and hypothesis-test- 
ing machinery that is built on  top  of  the JPDA tracker. 

Finally, this is a recursive approach, suited to  the efficient 
maintanance of established tracks, whereas batch-oriented 
approaches,  such as [12], are  suitable for initial track  forma- 
tion in an  unstructured  set  of data from a  limited time interval 
and/or  from a  subspace of the measurement  space. The  two 
approaches are complementary  and it is appropriate  for  such a 
batch algorithm (or  the  operator-interactive process men- 
tioned above) to  initiate  tracks  and pass them  off  to  the JPDA 
algorithm for  continued data  association and tracking. 

A  preliminary version of  this  paper appeared in [ l o ] .  The 
issues of unresolved measurements and target maneuvers are 
discussed in [I61  and  an algorithm is described that  extends 
the work  presented  here. Another interesting  extension  may 
be found in [ 171, which  quantifies the dependence of PDA 
tracking  performance on a detection threshold in the signal 
processing algorithm that supplies its measurements. 

The  multitarget data  association  problem is formulated in 
the  next  section, followed by a  derivation of the new JPDA 
algorithm in Section 111. A specific application  in passive sonar 
surveillance is described in Section IV, and the performance 
improvements gained with  the JPDA  algorithm in this applica- 
tion are illustrated  in  Section V, using simulated  data from 
two heavily interfering  targets in clutter. 

11. PROBLEM FORMULATION 

Consider a dynamic system  (target model)  of  the familiar 
form 

X k + l   = F X k  f GWk (2.1) 

y k   = H x k  + vk (2.2) 

where x is the target state  vector, y is the measurement vector, 
w and u are zero-mean mutually dependent white Gaussian 
noise vectors  with covariance matrices Q and R ,  respectively, 
and k is a  discrete  time index.  The matrices F ,  G ,  H ,  &, and R 
are assumed known  and  their dependence on k is suppressed 
here for  notational convenience. The initial state is assumed 
Gaussian with mean ;ole and covariance Polo. A specific tar- 
get model is described  below in Section IV. 

The tracker’s estimate of  the target state x k  at  time k ,  
given data  up to  time i ,  is denoted 2 k  l i  and  the corresponding 
estimate  of  the  output Y k  is $k li. The  error in the  state esti- 
mate is l k l j  G xk - i k l  j ,  with error covariance matrixPkli & 
E { X k l i & l i } ,  where E denotes  expectation. In the absence of 
measurement origin uncertainty,  the discrete-time Kalman- 
Bucy fdter  161-[9]  yields the  state estimate and covariance 
via the recursions 

k k l k   = k k l k -  1 f w,Z$k = F i k -   I l k -  1 $- W k Y k  

(2.3) 

P k l k   = p k I k -  1 - wkskwk’ 

= FPk-   1 lk -  IF‘ f GQG’- w k s k w k ’  (2.4) 

where the innovation  vector 

A 
y k   = y k - j k l k - l  (2.5) 

has the covariance matrix 

S k   G E G k Y k ‘ }   ‘ H p k l k -  1H’ + R (2.6) 

and  the filter gain matrix is 

w k   = P k l k - l H ’ S k - ’ .  (2.7) 

The resulting state estimate, under  the above assumptions, is 
the conditional  mean 

2 k l k   = E { x k  I y k }  (2.8) 

where Yk denotes  the  set  of all data  vectors y j  for i < k .  
In order to avoid cluttering  the discussion to follow,  this 

brief summary ignores a number  of complications that arise 
in practice. If the system is nonlinear,  for instance (as it is in 
the example  presented below), then  it can usually be linearized 
and the same basic equations can  be  applied to deviations from 
the  nominal  trajectory  [7],  [9]. If the target occasionally de- 
viates from  the assumed motion  model, e.g., by maneuvering, 
then some decision-making or  other machinery  must  be pro- 
vided to deal with these  instances. 

A fundamental characteristic of this class of problems is 
that  the size and  composition  of  the measurement  vector are 
unpredictable from  one time to  the  next; in other  words,yk 
comprises  a time-varying set  of  independent subvectors, as dis- 
cussed below in Section IV. We shall avoid the resulting nota- 
tional morass by restricting (2.3)-(2.6) to apply to a single 
measurement  subvector y k  from a single sensor. In  addition, 
we will suppress the  time subscript k from all variables ex- 
cept P and Y ,  unless it is required for clarity. Without  any 
loss of generality, the data  association problem may  now be 
formulated as  follows. 

At each  time step,  the sensor provides a  set of candidate 
measurements to  be associated with targets (or rejected). In 
most  approaches,  this is done  by  forming a  “validation gate” 
around  the predicted  measurement from each  target  and  re- 
taining only  those  detections  that lie within the gate.  There  are 



FORTMANN et al.: SONAR  TRACKING OF MULTIPLE  TARGETS 175 

many different  approaches to establishing a  correspondence 
between candidate  measurements and  targets; in this paper we 
shall focus  on  the probabilistic data association (PDA) method 
[ l  J , [2] ,  [ 111.  The m candidate measurements at  time k are 
denoted yi, j = 1, -, m ,  i.e., 

Y k  = { y 1 ~  . . .JJrn}  u y k -  1 (2.9) 

and  the corresponding innovations  are 

The  term measurement will be used interchangeably for yi and 
j j j ,  since they  contain equivalent information  [9]. 

Considering a single target independently of any  others, xi 
denotes  the event that  the  jth measurement belongs to  that 
target and x. the event that  none  of  the measurements belongs 
to  it (no detection).  The PDA approach builds upon  the as- 
sumptions  that  the  estimation errors $ and p have Gaussian 
densities at each  time step (this is approximate, since there is 
an exponentially growing tree  of possible measurement se- 
quence  hypotheses  and  the  true densities are weighted sums of 
Gaussians). It is also assumed that  the  correct measurement is 
detected  with probability Po (independently,  at each  time) 
and  that all other measurements are Poisson-distributedl with 
parameter CV, where C is the  expected  number (or density) of 
false measurements  per unit volume and  Vis  the volume of  the 
validation  gate. 

The gate is normally  a “g-sigma” ellipsoid { y  :?IS- ’? <2) 
and PC is the probability that  the  correct  measurement, if de- 
tected, lies within the gate.* The gate volume is thus V = 
c ~ f g ‘ ~  IS Il l2,  where  M is the dimension of?  and c,vI = 7fw/2/ 

I’(M/2 + 1) is the volume of  the M-dimensional unit  sphere 
(cl = 2,  c2 = n, c3 = 4n/3, etc.). 

In the PDA filtering approach,  the  conditional  mean esti- 
mate 2 is obtained  from (2.3) by using the  combined (weighted) 
innovation 

m 

(2.1 1) 
j =  1 

where pi = P(xil Y k } ,  j = 0 ,  1, - e ,  rn, is the  posterior  proba- 
bility  that  the  jth measurement (or no  measurement,  for j = 0) 
is the  correct  one. Expressions for these  probabilities are given 
in the  Appendix.  The  update  part  of  the covariance equation 
(2.4) becomes [2] , [ 11 J 

where the positive semidefinite matrix 

(2.12) 

(2.13) 

1 Equivalently,  the  number n of  false  measurements  has  probability 
mass function p(n )  = e -cv (CVp/n!  and  the  location  of  each false 
measurement is uniformly  distributed  in  the  gate. 

2 This is just  the Gaussian  probability mass in the  gate,  which is 

M1/2 + 2. 
often  assumed  to  be  unity  in  practice,  since PC > 0.99 whenever g > 

accounts  for  the measurement origin uncertainty. Note that 
the  data-dependent factors Po and Pk transform the original 
deterministic  Riccati equation  into a stochastic  one. 

Multiple  Interfering Targets  and JPDA 
The  equations above define the PDA  filter for a single tar- 

get,  and  additional  targets may  be handled  with multiple  copies 
of  the  filter. However, with respect to any given target, meas- 
urements  from interfering targets  do  not behave at all like the 
random (Poisson) clutter assumed above. Rather,  the  proba- 
bility density of each candidate measurement  must  be  com- 
puted based upon  the densities of all targets that  are close 
enough (when projected  into  the measurement space) to in- 
terfere. 

In order  to  account for this interdependence, consider  a 
cluster3 of  targets (established  tracks) numbered t = 1, e - ,  T 
at a given time k.  The set of m candidate  measurements  as- 
sociated with this  cluster (i.e., found in the validation  gates 
for  targets  1. -.. T )  is denoted yi, j = 1 ~ .e., m, as  above.  Each 
measurement belongs either to  one  of  the T targets  or  to  the 
set of false measurements  (clutter),  which is denoted  by  tar- 
get  number t = 0. 

Denoting the  predicted measurement for target t b y i f ,   t h e  
innovation (2.10) corresponding to measurement j becomes 

Yi - t  =Yj -Y  n A t  (2.14) 

and  the  combined (weighted) innovation (2.1 1) becomes 

m 

(2.1 5) 

where pit  is the  posterior probability that measurement j 
originated from target t and pot is the  probability  that  none 
of  the measurements  originated from target t (i.e.: it was not 
detected). This is used in target t’s copy  of (2.3) to  update  the 
state  estimate 5‘. 

In other words, the  joint probabilistic  data  association 
(JPDA) and PDA approaches utilize the same estimation  equa- 
tions;  the difference is in the way the association  probabilities 
are computed. Whereas the PDA algorithm computes pit ,  j = 
0, 1, - 0 ,  m, separately for  each t ,  under  the assumption that all 
measurements not associated with target t are false (i.e., Pois- 
son-distributed  clutter),  the JPDA  algorithm computes pi’ 
jointly across the  set  of T targets and  clutter.  From  the  point 
of view of any target, this accounts for false measurements 
from  both discrete interfering  sources (other targets) and ran- 
dom  clutter. Details are given in the  next section. 

111. JOINT PROBABILITIES 

The  key to  the  JPDA algorithm is evaluation of the  condi- 
tional probabilities of  the following joint events: 

3 A cluster  is a set  of  targets  whose  validation  gates are “connected” 
by  measurements  lying  in  their  intersections 131, [4 ] .  Note that  a dif- 
ferent  measurement  subvector (e.g., from another sensor) will lead to  a 
different  target  cluster. 



~. . ... . _. . . . . . -  
~. 

~ . ., . .  

176 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. OE-8, NO, 3, JULY 1983 

where xiri is the event that  the measurement j originated from 
target ti, 0 < ti < T ,  and ti is the  index  of  the target to which 
measurement j is associated. The feasible events are  those  joint 
events in which no more than  one measurement  originates 
from each target, i.e., 

j # 1 and ti > 0 implies ti # tl. (3.2) 

It is also convenient to defme  the measurement association  in- 
dicator 

which  indicates whether  measurement j is associated with  any 
established  target in event x, and  the target detection indicator 

1, if ti = t for some j 

0 ,  if ti f t for all j (3.4) 

which  indicates whether any  measurement is associated with 
target t i n  event x (Le. whether target tis detected). 

For the purpose of deriving expressions for  the  joint  proba- 
bilities, no individual  validation  gates  will be assumed for  the 
various  targets in a  cluster. Instead, each  measurement will be 
assumed validated for each target, i.e., every validation gate 
coincides  with the  entire surveillance region. This approach is 
adopted because the resulting equations are  equivalent to  but 
simpler than  those derived if different  validation  gates are as- 
sumed  for each target. 

The extra  computational  burden resulting from  the  con- 
sideration of events with negligible probability  can be avoided 
with suitable logic limiting the probability  calculations to 
events involving validated  measurements. This logic,  which has 
a negligible effect on  the numerical  results, is presented next, 
followed  by  a  derivation of  the  joint event probabilities. 
Finally, the marginal  event  (measurement-to-target  association) 
probabilities  needed by the tracking  filter are  obtained  from 
the  joint  event probabilities. 

Validation Logic 

The following  validation matrix is defmed 

with binary elements  to indicate if measurement j lies in the 
validation  gate for  target t. Index t = 0 stands  for  “no  target” 
and  the corresponding  column of Sl has all units-each meas- 
urement could have originated from  clutter or false alarm. A 
typical  set  of gates and  the corresponding  validation matrix is 
shown in Fig. 1. 

Each  event x may  be represented by a matrix 

consisting of  the  units in S2 corresponding to  the associations 

Fig. 1. Typical  gates  and validation matrix. 

assumed in  event x. Thus 

dj r ( X )  = 
1, if Xir occurs 

0, otherwise. (3.7) 

Given considerable  patience? one can coqstruct a procedure 
that scans S2 and  enumerates  the matrices Q(x) corresponding 
to feasible events using the following rules: 

1) Scan R by rows and pick one  unit per row for Sl 
(i.e., there can  be  only one origin for a  measurement). 

2) Only one unit from each  column t 2 1 can be 
taken (i.e., at most one measurement could have origi- 
nated from a target).  The  number of units  from column 
t = 0 is not restricted. 

In terms of the  matrix @x), the measurement  association 
indicator (3.3) becomes 

and  the target detection  indicator (3.4) is 

Joint Event Probabilities 

(3.9) 

Using Bayes’ rule,  the probability of a joint event con- 
ditioned on all measurements up  to  the present time is 

P ( x I Y ~ } = P ( X I ~ ~   , . . . , y ’ r n , m , y k - l }  

=~(F~: - - ,Y, , ,  I X , ~ ,  yk - lY{x lm,  yk-lYc. 

(3.10) 

The normalization constant c = p b l ,  -*, yrn I m, F- ’) is 
the  joint prior density of  the measurements, conditioned  only 
on m (and the past data); it is obtained by summing the 
numerators over all x. 

The first factor in (3.10) is the  joint probability  density 

BBN. 
4 For which  the  authors  are  extraordinarily  grateful to S. Milligan of 
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of  the nz candidate measurements, conditioned  on  the  joint 
event x 

Using the same assumptions as in the PDA approach, a meas- 
urement y j  associated with a  target t has  a Gaussian density5 

where Fit is the  innovation defined in (2.14) and S, is its co- 
variance. A  measurement associated with clutter has  a uniform 
density V-', where V is the volume of  the  entire surveillance 
region (note  that in Section I1 and  the Appendix, V was the 
volume of a single gate). It follows that  the densities of in- 
dividual measurements in (3.1 1) are given by 

(3.13) 

The second factor in (3.10) is the prior (to  time k )  proba- 
bility of a joint event. To  obtain  it,  note  that  the  total  num- 
ber of false measurements in event x is 

m 

(3.14) 

Substituting (3.1 l), (3.13), and  (3.16)  into (3.10) yields 

(3.17) 

Note  that @! cancels immediately in (3.17). Furthermore, m !  
and e-" appear in (3.1 7) regardless of which  event is con- 
sidered.  Since the  denominator  term c from (3.17) is the  sum 
of all the  numerators,  it follows that m! and e-'" cancel out 
as well. The final  expression is obtained as 

where c is the (new) normalization constant. 
Numerical overflows and underflows are  common in the 

factor Co and  the  normalization  constant c, because the mag- 
nitude  of C (in units of  I/volume in the measurement  space) is 
quite variable and @ can  be 10  or  more.  The  problem can be 
avoided simply by  letting 1 /C be  the  unit volume in calculating 
(3.18), so that  C@is replaced by lo. This  change canceis out in 
the  exponential  factor,  and  it causes I Srj I '  1' in the  denomina- 
tor  to be multiplied by C. Alternatively, one can use logarithms 
to compress the numerical range. 

With this,  the prior probability  of event x is  given  by 

P{xIm,Y"-lI 

where Pot is the probability of  detection of target t ,  the  num- 
ber @ of false measurements is again assumed Poisson distrib- 
uted  with  parameter CV, Cis  the density of false measurements, 
and  the  dependence  of @ and 6 t  on x has  been dropped  from 
the  notation. 

5 The Gaussian  density  defmed  in  (A.7)  of  the  Appendix  includes a 
factor ~ / P G  to  account  for its restriction to the  validation  gate.  Here 
we  assurnePG = 1 (corresponding  to a very  large  gate) for convenience. 

j = 1, ..., m, t = 0 ,  1, ...) T.  (3.19) 

t = 0 ,  1, -., T. (3.20) 

These probabilities  are used to  form  the  combined  innovation 
(2.15) for each target. 

IV. APPLICATION TO PASSIVE SONAR TRACKING 

Passive sonar tracking is a very challenging application for 
data association and tracking  algorithms;  most of  the  diff- 
culties and idiosyncrasies that arise in the ocean  environment 
have been discussed above and in [ I ]  . In this section, we shall 
briefly describe  a  particular  target/measurement model  that 
has been used successfully in this context. Tracking  results 
using this model in the  JPDA filter  are  presented  in the  next 
section. 
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We assume that each  target  follows  a nominal straight-line 
trajectory  with  random disturbances  (great circle motion can 
easily be substituted if necessary) and radiates  acoustic en- 
ergy in one or more  characteristic  frequency  bands. Since 
much  of  the acoustic energy is produced  by  the propulsion 
system  (engine, gears, shafts,  propellers, etc.),  the  correspond- 
ing frequencies are coupled  with  target  speed. 

These relationships are summarized for a  particular  target 
by  the following state  equations:6 

. v c o s c  L =- + W L  
60 

(latitude) 

(longitude) 

c = o  + wc (course) 

the source  frequencies in (4.1), h is a harmonic  number,  and 
c, is the speed of sound.  The measurement noise u is assumed 
white, Gaussian, and zero-mean. Other signal attributes,  such 
as signal-to-noise ratio (SNR) and  bandwidth, are usually 
measured but are not explicitly  included in this  model. 

It is also possible to cross-correlate the  data  streams  from 
two sensors (n and m), using variable shifts in time  and  fre- 
quency, in order to determine time  delay and Doppler  shift 
differences  between the signals received. Each such  operation 
yields  multisensor  measurements of the  form 

K = o  + wK (coupling, knots/ where the target’s range rn(-)  is another  standard  trigonometric 
function. Again, attributes  such as  coherence and  peak  shape 
may be  measured but  are  omitted  from  this model. 

F1 = O  + wF1 (propulsion  Other operations,  such as active sonar measurements of 
frequency) range, bearing, and Doppler shift,  are easily supported  by  the 

F k  = O  + W F k >  (other same model  but  are  not included here. 
k = 2, 3 ,  frequencies) At time t ,  the measurement  vector 

where the process noise w is white, Gaussian, and zero-mean, 
t denotes.  time,  and  the  dots indicate differentiation  with re- 
spect  to t. The acousticjgeographic coupling is embodied in 
the  fourth  equation via the  knots/hertz ratio K and  the  time 
constant A. Estimation  of K can aid both  tracking  and classifi- 
cation  and estimation of the source  frequencies F ,  , F,, .-, 
has proved to be invaluable for data  association. Only funda- 
mental frequencies F ,  , F, ,  --, are included in the  state  vector, 
but various harmonics  and  other  multiplesof these are radiated 
and received by the sensors. 

We consider  a  set of passive sensors, each of which detects 
incoming “signals” (acoustic  energy) and estimates their  bear- 
ings (arrival angles) and  center frequencies. Thus a single-sensor 
measurement of  one signal from  the target described by (4.1) 
has the  form 

bearing 

frequency 

where n is a  sensor index,  the target’s bearing f i n ( - )  and aspect 
angle a,(.) are standard  trigonometric  functions, Fk is one  of 

associated with a particular target’s state consists of subvec- 
tors  of th‘e form (4.2) and (4.3), corresponding to various 
combinations of sensors,  source  frequencies, and harmonics. 
In practice,  the received measurements  corresponding to these 
subvectors have little  or  no a priori association information to 
link  them,  and  it is appropriate to deal with  each one separately. 
Moreover, each  measurement  may  be  absent (undetected)  and 
may be  accompanied by false measurements from different 
targets and/or  clutter:  this is the essence of  the  data associa- 
tion  problem discussed in Section 11. 

Equations (4.1) and (4.4) are easily lineariied  and sampled’ 
at discrete times, yielding the target model (2.1)-(2.2). Track- 
ing results using this model in the  JPDA  fdter  on simulated 
data are given in the  next section. 

V. TRACKING RESULTS 

A simulation program was used to create realistic passive 
sonar data  on which the  JPDA algorithm  could be  tested. One 
such  data  set  contains measurement files of bearinglfrequency 
liries and  time/Doppler differences for  two  hypothetical  tar- 
gets,  with  a common 12-Hz  source frequency and courses 
that result in severe interference. The target-sensor geometry 
is indicated in Fig. 2. Targets 1 and 2 travel at 6 kn on courses 
of 100’ and 800, respectively, and cross midway through  the 
6-h period shown. 

Measurement data  were  created by dead  reckoning  target 

6 The symbols C, V ,  M ,  f, k, e, m, and p used in this  section  are  un- 7 In  practice,  measurement  data  are usually integrated  over  an  ap- 
related  to  those  used  previously.  propriate  period,  rather  than  sampled, in order to improve  the SNR. 
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Fig. 2. Target/sensor geometry. 

motion  (no process noise), adding noise to  the  computed  true 
measurements, and  then adding clutter measurements (false 
detections). The  standard deviation of  the measurement  noise 
was 5’ for bearings, 80 mHz  for  frequency, 3.6 s for time  dif- 
ference, and 4 mHz for Doppler  difference. The  true measure- 
ment was detected  at  any given time  with probability Po = 
0.7.  The  number of clutter  points was Poisson-distributed and 
their  locations in the measurement space were uniformly dis- 
tributed over a very broad region about  the  actual  track.  The 
clutter  density was C = 0.25/(Hz.deg) for bearing/frequency 
and C = 0.25/(Hz.s) for  time/Doppler difference; with ‘vary- 
ing gate sizes, this ranged from  0.2  to 2.0 false detections per 
gate. 

Several tracks were made using this data;  the initial 2-sigma 
confidence ellipse areas were 2%  nmi2,  with course and speed 
confidences of +20° and ?3 kn, respectively. In practice, one 
would use somewhat looser  limits to initialize uncertain tar- 
gets,  but  the  object here was to simulate  a situation in which 
the  tracks are  already well-established before they intersect. 
Although the data had  no process noise, the filter was given 
process noise standard deviations of 0.2 kn in speed, 0.2” in 
course, and 0.01 Hz in source frequency @ order  to avoid 
divergence. 

Fig. 3 shows tracks made using the well-known  “nearest 
neighbor”  data association scheme [ 131 , in which the candi- 
date measurement closest to  the  center  of  each validation  gate 
is accepted as correct, all others are  ignored, and  the covari- 
ance equation is not augmented to account  for association er- 
rors. As one might anticipate,  the  tracker becomes hopelessly 
confused and loses one  of  the  targets  altogether. 

The  ordinary PDA filter (without multitarget logic) fares 
only slightly better in this situation. As shown in Fig. 4, both 
tracks lock onto a sort of “compromise” and end up lost mid- 
way between  the  two  actual targets.  This  behavior is to  be ex- 
pected, since a basic assumption in the  standard PDA algo- 
rithm (applied to each  target  in turn) is that measurements not 
originating from  the target  under  consideration  are random 
clutter  points  with a  Poisson/uniform distribution. 

The joint PDA method, described above in Section 111, 
corrects this situation by allowing the probabilistic weights 

used in data association to be computed joiyltZy across all 
known targets. As shown in Fig. 5, this  improves the  tracks 
dramatically,  and the 2-sigma confidence ellipses contain  the 
true position in all cases. Note  that  the ellipses are larger 
than  those  of Fig. 4, particularly  near the  point of intersec- 
tion, reflecting the  fact  that  the algorithm “hedges” its deci- 
sions  and relies more on dead  reckoning  when the targets  are 
too close to  determine  with high confidence which  measure- 
ment belongs to which  target. 

The  JPDAcomputed association  probabilities of a measure- 
ment belonging to  the  correct target versus the  other  one 
typically have ratios  of  0.8/0.2 or greater  early in  the  run. As 
the targets  draw  nearer  each other,  the  ratios switch rather 
abruptly  to  around 0.5/0.5 (and the confidence ellipse areas 
increase  accordingly); then  they switch  back again when  the 
targets separate.  JPDA outperforms  the  other  methods  on  the 
basis of  how  often  the  correct measurement receives the 
highest probability [lo], but  the difference is not nearly as 
great at Figs. 3-5 would indicate. These facts suggest that  the 
real value of  the  JPDA  approach lies in  the relative probabilities 
computed  at  key  points in the target  trajectories, rather  than 
in the overall percentage of  correct binary “decisions.” 

Finally, tracks  made using perfect  data  association  are  shown 
in Fig. 6 .  Comparing  these  with Fig. 5, it is clear that  the 
JPDA  tracker performs  remarkably well despite the severe in- 
terference between  targets. Indeed, by the end of  the 6-h 
period,  the  two sets of  tracks  are nearly  identical. 

As important as  tracking  accuracy is the tracker’s own 
assessment of  that  accuracy, expressed by  the covariance ma- 
trix.  To  compare  this  for  the  tracks of Figs. 3-6, the  filter  con- 
sistency  measure 

was computed  at  each time k ,  where xk is the  true  state, ik is 
the  estimate,  and Pk is the covariance matrix  computed  on-line 
by the  tracker. Mean-square and root-mean-square (rms) values 
of this statistic over the 6-h  period (7 1 time  steps) are given in 
Table  I, together  with tlieir‘theoretical values (r2 is a  chi-square 
random variable with 6 degrees of freedom). 

Table  I  indicates that  the  ordinary PDA tracker is overop- 
timistic, having actual  errors  much larger than  its calculated 
covariance would indicate.  The JPDA tracker is about as  con- 
sistent as the perfect  data  association tracker  and  both are 
slightly pessimistic in comparison  to  the  theoretical chi-square 
value. 

Also shown in Table I  are the final position  errors (in 
nautical miles) for  the same period. Fortuitously,  the  fiial 
position  error  for Target  2 using the  ordinary PDA is slightly 
better  than  the others. Nevertheless, the confusion of  the 
ordinary PDA  is evident from Fig. 4. 

Note that  the above results  represent only a single “sample” 
from  the space of all possible noise/clutter sequences and  tar- 
get/sensor  geometries;  a  Monte Carlo approach involving many 
such samples would provide a statistic51 basis for evaluating 
the algorithm. However, the extensive  simulation and realistic 
clutter densities used here are moderately  costly and Monte 
Carlo simulations were not feasible with  the available r’esources. 
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TABLE I 
ERROR STATISTICS 

Nrst. Nbr. 
DA 

42.3 
6.5 

1 position 10.8 
1 error 

43.6 

2 
6.6 

position 12.4 
error 

Ordinary Joint Perfect 
PDA PDA DA 

22.1 4.6  5.6 
4.7 2.2  2.4 
5.4 6.6 5.6 

10.8 2.7  3.8 
3.3 1.6  2.0 
5.3 1.1 1.8 

Theoretical 
Value 

6 .O 
2.4 
- 

6.0 
2.4 
- 

VI.' CONCLUSION 

Report-to-track correlation has been  identified as one of 
the major problems in  ocean surveillance [ 141, [ 151 , and  the 
results of this  paper demonstrate  the  importance  of correlating 
(i.e., associating) each report  with all tracks  simultaneously, 
rather  than separately. The  joint probabilistic data association 
framework is particulary well-suited to this task in the passive 
sonar environment, where additional measurements arise from 
both interfering  targets and  random  clutter,  detection  proba- 
bility is significantly less than  1,  the measurement space is 
large and heterogeneous,  a  target's state is not fully observable 
from  any single measurement,  and maneuvers are  common. 

Continuing research in  this and related  areas  includes assess- 
ment  of tracking performance as  a function  of  detection  prob- 
ability and  clutter density [17] (this  has important implica- 
tions  for  the  setting  of gains and  thresholds in the signal proc- 
essing algorithms that provide measurements to  the  tracker), 
extension of the likelihood function  and  other hypothesis- 
testing machinery (e%., for maneuver detection)  to  the JPDA 
situation,  the use of more  complex models for  the  detection 
and  clutter processes, and  automated schemes for track 
initiation. 

APPENDIX 
PROBABILITY CALCULATIONS 

In  this Appendix we shall derive expressionsfor  the posterior 
association  probabilities flj in (2.1 1). Letting rj(m) denote  the 
prior  probability of the event x i ,  conditioned on m, the  total 
probability  theorem yields 

yj(m) GP{% I m ,  Y k -  1) = P{Xj I m} 

=P{XjImF=m- l ,m}P{mF=m-l1m} 

+ p { x j  I mF = m, m}P{mF = m I m} 

( l / m ~ { m F = m - l l m } + ( 0 ) P { m F = m I m } ,  

- j = 1, -., m 
- 

(op{mF = m - 1 1 m} + ( 1 ) ~ { m ~  = m I m}. 
j = O  

(A.1) 

because mF, the  number  of false measurements,  must be  either 
m - 1 (if the target is detected)  or m (if it is not). Using  Bayes' 
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The first factor is the  joint  probability density of  the m candi- 
date measurements, conditioned  on  the  jth  one being correct. 
According to the PDA assumptions,  the  correct measurement 
yj has a Gaussian density 

with  mean 0 and covariance S, where the  factor 1/PG accounts 
for  its restriction to  the validation gate and each incorrect 
measurement has  a uniform  density Y-l. It follows that 

The second factor in (Ah) is the  prior  probability  of x i ,  given 
by (AS).  The  denominator is the joint prior density of  the 
measurements, conditioned  only  on m (and the past data) 

Note  that  with  the above conditioning,  the validated measure- 
ments are not  independent, i.e., (A.9) is not  equal  to  the  prod- 
uct over j of  the marginal prior densities 

(A. 10) 

Finally, combination  of (A.5)-(A.9) followed by a  certain 
amount  of rearrangement  yields 

b + exp (-jj’S- ‘Fi/2)  
i= 1 

b 
P o =  m 

(A.l 

(A.  1 
b + exp (-F;S- ‘Fi /2)  

... 

i= 1 

where 

183 

REFERENCES 
T.  E. Fortmann  and S.  Baron,  “Problems in multi-target  sonar 
tracking,” in Proc. 1978 IEEE Conf. on Decision  and  Control (San 
Diego,  CA),  Jan. 1979. 
Y .  Bar-Shalom  and E. Tse, “Tracking in a cluttered environment 
with probabilistic  data  association,” Automatica, vol. 11,  pp. 451- 
460,  Sept.  1975. 
Y .  Bar-Shalom,  “Extension  of  the  probabilistic  data  association 
filter to multi-target environment,“ in Proc.  5th  Symp.  on  Non- 
linear  Estimation (San  Diego,  CA),  Sept.  1974. 
D.  B. Reid,  “An  algorithm for tracking  multiple targets,” IEEE 
Trans.  Automat.  Cont., vol.  AC-24,  pp. 843-854, Dec.  1979. 
R.  Singer,  R.  Sea, and K. Housewright,  “Derivation  and  evalua- 
tion of  improved tracking  filters  for use in dense  multi-target 
environments,” IEEE Trans.  Inform.  Theory, vol. IT-20,  pp. 423- 
432,  July 1974. 
I .  B.  Rhodes, “A  tutorial  introduction to estimation  and  filtering.’‘ 
IEEE Trans.  Automar.  Conr., vol.  AC-16,  pp. 688-706, Dec.  1971. 
A. H. Jazwinski, Stochastic  Processes  and  Filtering 
Theory. New  York:  Academic,  1970. 
P. S. Maybeck, Stochastic  Models,  Estimation  and  Control- 
Vol. 1. New  York:  Academic,  1979. 
B. D. 0. Anderson, Oprimal  Filtering. Englewood Cliffs, NJ: 
Prentice-Hall,  1979. 
T. E. Fortmann, Y. Bar-Shalom,  and  M.  Scheff6,  “Multi-target 
tracking  using  joint  probabilistic  data  association,” in Proc. 1980 
IEEE conf .  on Decision  and  Control (Albuquerque, NM),  Dec. 
1980. 
Y. Bar-Shalom,  “Tracking  methods in a  multi-target  environ- 
ment,“ IEEE Trans. Automar. Conr., vol. AC-23, pp. 618426,  
Aug. 1978. 
C.  L. Morefield,  “Application  of  0-1  integer  programming  to 
multi-target  tracking  problems,” IEEE Trans.  Automat.  Cont., 
vol.  AC-22,  pp. 302-312, June  1977. 
E.  Taenzer,  “Tracking  multiple  targets  simultaneously with  a 
phased  array  radar,” IEEE Trans.  Aerosp.  Electron. Sysr., vol. 
AES-16,  pp.  604-614,  Sept. 1980. 
H. L. Wiener, W. W. Willman, I .  R.  Goodman,  and J .  H. Kull- 
back,  “Naval  ocean-surveillance  correlation  handbook,  1978,” 
Naval  Research  Lab.,  NRL  Rep.  8340,  Oct.  1979. 
I .  R.  Goodman, H. L. Wiener,  and W.  W. Willman,  “Naval 
ocean-surveillance  correlation  handbook,  1979,” Naval Research 
Lab., NRL  Rep.  8402,  Sept.  1980. 
K.  C.  Chang  and Y .  Bar-Shalom,  “Joint  probabilistic  data  asso- 
ciation  for  multi-target  tracking with  possibly  unresolved  measure- 
ments and  maneuvers,“  to  appear  in IEEE Trans.  Automat.  Conr., 
1983. 
T .  E.  Fortmann, Y. Bar-Shalom,  M.  Scheffe,  and S. Gelfand, 
“Detection  thresholds  for  multi-target  tracking in clutter,’’ inProc. 
1981 IEEE Conf. on  Decision  and  Control (San  Diego, CA), Dec. 
1981. 

* 

(A.13) implement i d  support such applications. He is author  of Inrroduction ro 



. ~. .... . .  .. . . . . .  . . .  . ,  . . .  
. :.. - . I .~ ~ .. - .- .. . . :. - c .- , . . . . 

184 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. OE-8, NO. 3 ,  JULY 1983 

Linear Control  Systems  Theory (with K. L.  Hitz, New York:  Dekker. 
1977). 

Dr.  Fortmann is a  member of Phi Beta Kappa, the  Association of 
Computing  Machinery, and the American  Association  for  the  Advance- 
ment  of  Science. 

* 
Yaakov  Bar-Shalom (S'63-M'66SM'80),  for a  photograph and biog- 
raphy  see  page  172 of this  issue. equations  using  fast Fo 

Molly  Scheffe ("78) received the  B.A.  degree 
in  mathematics  from  the  University  of  California 
at  Berkeley,  Berkeley,  CA,  and  is  working  to- 
wards  the Ph.D. degree in mathematics  at  Bran- 
deis  University,  Waltham,  MA. 

She worked on acoustic  surveillance  systems, 
using  digital  signal processing and analysis of the 
wave  equation,  at  Lincoln  Laboratory,  BBN, 
Signatron,  and  TASC. At present,  she  is  at 
Boston  University,  Boston,  MA,  doing  research 
in  numerical  analysis  and  partial  differential 

urier  techniques. 

Absrracr-Temperature  is one of the  most  frequently  measured  pa- 
rameters of the  ocean  because of its importance  to the understanding 
and  prediction of oceanic  and  meteorological  events, and also because 
the measurement is required  for  the  determination of salinity  and 
density.  The  ocean  temperature range is  narrow, -2" to 35T,  but 
measurement is complicated by the harsh  ocean  environment,  the 
necessity of remote  hands off readings, power limitations  due  to the 
cable,  and  the  fast  response  required  to  obtain  a  profile in a  reason- 
able  length  of  time.  Platinum and copper  thermometers  are used  for 
most  precision  measurements  with  thermistors or thermocouples used 
in some  cases  to  improve  speed of response  and for lesser  accuracy. A 
number of very different  circuits  have been  used successfully in 
salinity,  temperature,  and  depth  profiling  systems and achieve  mil- 
lidegree  accuracies in laboratory  measurements.  However, very care- 
ful precautions  and many checks  are  required  to  achieve that accuracy 
in  the  field,  and  to  achieve  the  correlation of conductivity,  pressure, 
and temperature  readings  required for equivalent  accuracy in the 
salinity  and  density  measurements. 

T 
I. INTRODUCTION 

EMPERATURE is one of the most important parameters 
describing the  condition of any body  of seawater  and is 

one  of  the most frequently measured quantities in the  oceano- 
graphers repertoire. It is of interest to  the biologist because of 
its influence on  the development and  distribution  of  the vari- 
ous species and on ocean  circulation to bring up or disperse 
nutrients  and  pollutants.  The meteorologist is interested be- 
cause of the great  influence of water temperature  on air-sea 
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interaction and weather forecasting, on climate, and  on 
precipitation  on  contiguous  land masses. The physical oceano- 
grapher is interested because,  among other things, temperature 
measurement is used to  track  ocean  currents,  study  internal 
waves, and, in  particular, is required for in situ determination 
of salinity S which is usually calculated from  the results of 
simultaneous temperature f, conductivity C, and pressure p 
measurements. S, t, and p also allows one  to calculate the 
density  from which  are derived predictions of ocean  circula- 
tion  which,  of course,  can  be tracked  by t ,  S measurements. 

Notwithstanding  its great importance,  the range of tempera- 
tures in the oceans is only a narrow  band  from -2°C to  about 
35"C, and except for a  few special areas and near the surface, 
an even narrower band from -2" to 15OC. 

Over such a  narrow  range,  measurement to considerable 
accuracy  should be relatively easy, and would be, were it 
not for limitations imposed by  the adverse ocean  environ- 
ment. These limitations include very high  pressures at  depth 
and  the  fact  that seawater is both corrosive and electrically 
conductive,  and capable of great  destructive  forces through 
wave action. Also, the measurement  must  be  carried out 
at  a point  remote  from  the  operator,  with measuring cir- 
cuits  confined  within  a relatively small pressure hull, which 
is not easily accessible for  adjustments,  and  not accessible at 
all while the measurements are  taken. A further complication 
is that  the system is being traversed through  the water at a 
nonconstant  rate, which must be fast enough  to give a com- 
plete  profile to a depth D of several kilometers or  more in 
a reasonable length  of  time.  It  must,  therefore, be  capable 
of recording significant changes in a fraction of a  second to 
cope  with variations that are known  to exist  in the  ocean. 
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